We compute the complete third-order contributions to the coefficient functions for the longitudinal structure function F L , thus completing the next-to-next-to-leading order (NNLO) description of unpolarized electromagnetic deep-inelastic scattering in massless perturbative QCD. Our exact results agree with determinations of low even-integer Mellin moments and of the leading small-x terms in the flavour-singlet sector. In this letter we present compact and accurate parametrizations of the results and illustrate the numerical impact of the NNLO corrections.
We have recently published the complete three-loop splitting functions P (2) for the evolution of unpolarized parton distributions of hadrons [1, 2] . Together with the second-order coefficient functions [3, 4, 5, 6, 7] , these quantities form the next-to-next-to-leading order (NNLO) approximation of massless perturbative QCD for the structure functions F 1 , F 2 and F 3 in deep-inelastic scattering (DIS). The situation is different, however, for the longitudinal structure function F L = F 2 − 2xF 1 . Here the leading contribution to the coefficient functions is of first order in the strong coupling constant α s (instead of α 0 s as in F 1,2,3 ), and consequently the scheme dependence of the splitting functions P (2) is compensated only by the third-order coefficient functions. The latter quantities are thus required for completing the NNLO description of the structure functions in DIS.
At this point there is only very limited (and no entirely model independent) experimental information on F L in the most interesting region of very small values of the Bjorken variable x [8, 9, 10] (see ref. [11] for an overview over previous measurements at large x). Dedicated runs of HERA with lower proton energies would significantly improve this situation [12, 13] and provide valuable further constraints on the proton's gluon distribution at very small momentum fractions. The NNLO corrections are required to assess in which kinematical region of x and Q 2 = −q 2 , with q being the momentum of the exchanged gauge boson, such constraints can be reliably obtained.
As discussed in refs. [1, 2] , see also refs. [14, 15, 16] , our determination of the NNLO splitting functions P (2) has been performed via a three-loop Mellin-N space calculation of DIS in dimensional regularization with D = 4 − 2ε. The splitting functions are then given by the coefficients of the 1/ε poles, while the ε 0 results include the third-order coefficient functions. Hence by keeping the terms of order ε 0 throughout the computations, and by adding the second Lorentz projection of the hadronic tensor required to disentangle F 2 and F L , we are able to obtain the third-order coefficient functions as well. Our approach closely follows the calculation of the lowest even-integer moments in refs. [17, 18, 19] . Incidentally, the methods for obtaining all-N results at higher orders have been pioneered in the calculation of ref. [20] for the structure function F L at second order.
In this letter we present our x-space results for the coefficient functions for F L in electromagnetic DIS at three loops in a parametrized, but sufficiently accurate form. The lengthy exact formulae will be presented, together with the results for F 2 , in a forthcoming publication [21] .
Disregarding power corrections, the longitudinal structure function can be written as
Here q i and g represent the number distributions of quarks and gluons, respectively, in the fractional hadron momentum. q s stands for the flavour-singlet quark distribution,
where n f denotes the number of effectively massless flavours. q ns is the corresponding non-singlet combination. The average squared charge (= 5/18 for even n f ) is represented by e 2 , and ⊗ denotes the Mellin convolution. We write the perturbative expansion of the coefficient functions as
Note that, as usual for F L , the superscript of the coefficients on the right-hand-side represents the order in α s and not, as for the splitting functions, the 'm' in N m LO. Throughout this article we identify the renormalization and factorization scales with the physical scale Q 2 . The results beyond the leading order (LO), n = 1 in eq. (2) , are presented in the standard MS-scheme.
For the convenience of the reader we first recall the known first and second order results. The scheme-independent LO coefficient functions for
with C F = 4/3 in QCD. Here and below, the singlet-quark coefficient function is decomposed into the non-singlet and a 'pure singlet' contribution, c
L,ps . To a sufficient accuracy, the NLO (n = 2) longitudinal coefficient functions [22, 4, 7] can be written as
where we have used the abbreviations
Eq. (4) improves upon the previous parametrization in ref. [23] , while eqs. (5) and (6) have been directly taken over from ref. [24] . The expressions (4) -(6), as well as their convolutions with typical parton distributions, deviate from the exact results by one part in a thousand or less.
Now we turn to our new third-order results. Again using the abbreviations (7) and inserting the numerical values for the colour factors, the non-singlet coefficient function can be parametrized as
where the n 2 f part is exact. The (non-f l 11 ) fermionic contributions were already computed in ref. [14] . The NNLO pure-singlet coefficient function for F L can be approximated by 
Finally the corresponding gluon coefficient function can be written as (9) -(10). The remaining coefficients have been fitted to the exact coefficient functions which we evaluated using a weight-five extension of the program [25] for the evaluation of the harmonic polylogarithms [26] (see ref. [27] for a new program without restrictions on the weight). Also the parametrizations (8) -(10) deviate from the exact results by less than one part in a thousand, except for x-values close to zeros of c (3) L,a (x). Our results agree with the lowest six/seven even moments computed in refs. [17, 18, 19] . The same holds for the sixteenth moments for both F 2 and F L computed in ref. [28] as another check of our calculation. We also find agreement of the leading small-x terms x −1 ln x of c with the predictions obtained in ref. [29] from the small-x resummation. Moreover a threshold resummation has been derived [30, 31] for the large-x logarithms in C L,ns . We are however not aware of any third-order predictions derived in this framework. Note that also at this order in α s the coefficient of the leading large-x logarithm of c (3) L,ns ( = 8C 3 F in our notation -recall that we expand in terms of α s /(4π) ) equals that of the leading +-distribution of the corresponding coefficient function for F 2 [18, 21] . We expect that this relation hold to all orders. Together with the prediction of the soft-gluon resummation for F 2 (see, e.g., ref. [32] ) this leads to the conjecture
where, of course, the last term has to be replaced by O (1−x) for n = 1. Eq. (12) will, e.g., be useful for approximate reconstructions of c (4) L,q (x) from a future four-loop generalization of ref. [17] . We now illustrate the size of the contributions (3) - (10) to eqs. (1) and (2), for brevity focusing on the flavour singlet sector. The perturbative expansions of C L,q = C L,ns +C L,ps and of C L,g are shown in fig. 1 for four flavours and a typical value α s = 0.2 of the strong coupling. Especially for C L,g , both the second-order and the third-order contributions are rather large over almost the whole x-range. Most striking, however, is the behaviour of both C L,q and C L,g at very small values of x. Here the anomalously small (xc
L,a ∼ x 2 ) one-loop parts are negligible against the (negative) constant two-loop terms, which in turn are completely overwhelmed by the (positive) new three-loop corrections xc (3) L,a ∼ ln x + const . All we know beyond the third order are the leading small-x terms derived in ref. [29] . The resulting fourth-order (N 3 LO) corrections in turn exceed our three-loop contributions (9) and (10). Recall, however, that the leading low-x terms often substantially overestimate the complete results at accessible values of x, as shown in fig. 1 for the third-order results, and that small-x information alone is usually insufficient for reliable estimates of the convolutions connecting the coefficient functions to observables as in eq. (1), see also refs. [1, 2] . Hence it is not possible to draw any conclusions about the behaviour of F L beyond NNLO at this point.
In figs. 2 and 3, C L,q and C L,g are convoluted with the sufficiently realistic model distributions
corresponding to a typical scale of about 30 GeV 2 . A comparison of figs. 1 and 2 clearly reveals the smoothening effect of the Mellin convolutions. In fact, under the chosen conditions, the (mostly positive) NNLO corrections to the flavour-singlet F L amount to less than 20% for x < 0.3 and to less than 10% for 5 · 10 −5 < x < 0.1. Note that these numbers refer to using the same α s and the same parton distributions (13) irrespective of the order of the expansion. In data fits we expect a decrease of α 3 s at NNLO of up to 10% with respect to the NLO value at about 30 GeV 2 [33, 34, 35] . Also the parton distributions will be affected at this level, mostly in directions stabilizing the overall NNLO/NLO ratio [24, 34, 35] . Thus such changes further support our conclusion of a rather good perturbative stability of F L , for the x-values accessible at HERA, at least above about 10 GeV 2 .
Definite conclusions for F L at considerably lower scales, say Q 2 ≃ 2 GeV 2 , require more detailed studies, since the larger value of α s and the flatter small-x shape of the parton distributions can lead to much larger NLO and NNLO corrections. This is roughly illustrated in Fig. 4 , where we have employed (again independent of the order) the low-scale model distribution of ref. [2] ,
together with α s = 0.35 for three flavours. Under these conditions the NNLO corrections now exceed 20% outside the range 7 · 10 −4 < x < 0.1, rising sharply for decreasing lower values of x. Note that the low-scale gluon distribution is in fact poorly known at small x. Some of the recent analyses [34, 35, 9, 37, 36] actually prefer a considerably smaller gluon density in this region, to the extend that at NLO F L can become almost zero, or even negative at Q 2 < ∼ 2 GeV 2 and very small
x. More theoretical and experimental [12, 13] efforts are required to clarify whether this behaviour and the large corrections in fig. 4 are analysis artefacts (in our case due to the unphysical orderindependence of the inputs), or indeed indicate an anomalous low-order behaviour of F L , or even signal an early (as compared to F 2 ) breakdown of the perturbative expansion for this quantity.
FORTRAN subroutines of our parametrized coefficient functions can be obtained from the preprint server http://arXiv.org by downloading the source of this article. They are also available from the authors upon request. Routines for the exact results will be released with ref. [21] . The perturbative expansion of the singlet-quark and gluon coefficient functions for F L in electromagnetic DIS at a typical value of α s . The results have been divided by a s = α s /(4π), i.e., the LO curves are directly given by eq. (3). Also shown are the NNLO results at small x obtained if only the leading low-x third-order terms [29] , xc (3) L,a ∼ ln x, in eqs. (9) and (10) (14) used already in ref. [2] .
